ORLICZ-PETTIS POLYNOMIALS ON BANACH SPACES 

O ! MANUEL GONZALEZ AND JOAQUIN M. GUTIERREZ 

o i 

Abstract. We introduce the class of Orlicz-Pettis polynomials between Banach 
spaces, denned by their action on weakly unconditionally Cauchy series. We give 
a number of equivalent definitions, examples and counterexamples which highlight 
the differences between these polynomials and the corresponding linear operators. 

m ' 

<C 1. Introduction 

In the study of the isomorphic properties of Banach spaces, some classes of 
(bounded linear) operators have been introduced which include the isomorphisms 
and preserve certain properties of the spaces. These are the semigroups of operators, 
such as the semi-Fredholm operators, associated to the ideal of compact operators 
0, [L0] , the tauberian operators, associated to the weakly compact operators |13|, [11 
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' the Orlicz-Pettis operators, related to the unconditionally converging operators ||, 

etc. The semigroups and the operator ideals are somehow opposite notions: for 

every Banach space X, the identity map Ix belongs to all the semigroups, while the 

' null operator belongs to all the ideals 

O ' 
O 

O ■ between Banach spaces. Nevertheless, in the present paper we introduce the class 

of Orlicz-Pettis polynomials, related to the unconditionally converging polynomials, 
and show that they share certain properties with the Orlicz-Pettis (linear) operators 
(see Section ||), and do not satisfy some others (Section ||). In order to obtain the 
results of Section [3], we are led to give a number of counterexamples, mainly of vector 
valued polynomials on cq, which is the key space when we deal with weakly uncondi- 
tionally Cauchy series. These counterexamples are of independent interest and can 
give new insight into the differences between linear operators and polynomials. 

Throughout the paper, X, Y and Z denote Banach spaces, X* is the dual of X, 
Bx is its closed unit ball, C(X, Y) stands for the space of operators from X into Y, 
V{ X, Y) represents the space of all /c-homogeneous (continuous) polynomials from 
X into Y, C( k X, Y) is the space of all /c-linear (continuous) mappings from X k into 
Y. When the range space Y is omitted, it is supposed to be the scalar field (real 
or complex). We denote by X®^Y the projective tensor product of X and Y; the 
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product of k spaces is represented by := X® w ■ ■ ■ Cgi^A. We use the notation 

x (k) ._ X (k) w h ere x E X. The set of natural numbers is denoted by N, and 
(e n ) is the unit vector basis of the space c . The coordinates of a vector x G c are 
denoted by x(i) (i = 1,2,...). 

A formal series ^ s„ in J is weakly unconditionally Cauchy (w.u.C, for short) if, 
for every <fi G X*, we have \<f>(x n )\ < +00. Equivalent definitions may be seen in 
[0, Theorem V.6]. The series is unconditionally convergent (u.c, for short) if every 
subseries converges. Equivalent definitions may be seen in || Theorem 1.9]. 

It may be helpful to recall that every polynomial between Banach spaces takes 
w.u.C. (resp. u.c.) series into w.u.C. (resp. u.c.) series J7|, Theorem 2]. The following 
simple fact will also be useful: 

Proposition 1.1. Given a polynomial P G V( k X, Y) and a w.u.C. series ^2x n in 
X, the sequence (P (X^Li Xi ))n ^ s wea ^ Cauchy. 

Proof. Let j G C(cq, X) be the operator given by j(e n ) = x n . Then Poj e "P( fc co, Y). 
Since Co has the Dunford-Pettis property, Poj takes weak Cauchy sequences into 
weak Cauchy sequences [fL5| . So, the sequence 





Poj 

is weak Cauchy. □ 

A polynomial P G V( k X, Y) (k > 1) is unconditionally converging || |6| if, for each 
w.u.C. series x n in X, the sequence (P (J2i=i x i)) n ls convergent in Y. The space 
of all unconditionally converging polynomials is denoted by P uc ( fc X, Y) (or C UC (X, Y) 
if k = 1). This class of polynomials has been very useful for obtaining polynomial 
characterizations of Banach space properties (see [13]). Easily, T G C UC (X, Y) if 
and only if for each w.u.C. series Yl x n i n A, the series ^T(x n ) is u.c. in Y. 
The polynomial P G V( h X, Y) is (weakly) compact if P(P>x) is relatively (weakly) 
compact in Y. The space of compact polynomials from A into Y is denoted by 
V co ( k X,Y). Every weakly compact polynomial is unconditionally converging, and 
every unconditionally converging polynomial on cq is compact (see or [|l2]j ). 

The standard notations and definitions in Banach space theory may be seen in 
[0]. For the basics in the theory of polynomials, we refer to 0, 14]. 



2. Positive results 

In this Section, we introduce the Orlicz-Pettis polynomials, as those satisfying 
the following main result. We give some other properties, and a first example of a 
polynomial in this class. 

Theorem 2.1. Given k G N and P G V( k X, Y), the following assertions are equiv- 
alent: 

(A) Given a w.u.C. series^2x n in X , if the set {P (^*L 1 a n {i)xi)} nen is relatively 
weakly compact for every bounded sequence (a n ) C cq, then ^ IS Hit Ct 
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(B) Given a w.u.C. series ^x n in X, if the set {P (X^i a n{i) x i)} n & is relatively 
compact for every bounded sequence (a n ) C Co, then ^ 

(C) // the sequence (x n ) C X is equivalent to the c^-basis, then there is a bounded 
sequence (a n ) C Co such that the set {P (X^i a n(i) x i)} n< z?q ^ no ^ relatively weakly 
compact. 

(D) If the sequence (x n ) C X is equivalent to the c$-basis, then there is a bounded 
sequence (a n ) C c such that the set {P (J^^i a n(^) x «)}„ e N ^ s n °t relatively compact. 

(E) For every operator T G X), if P o T G V nc ( k Z, Y), then T is uncondi- 
tionally converging. 

(F) For ever?/ operator T G £(co, X), if P oT £ V co ( h Co, Y), then T is compact. 

(G) For even/ subspace M C X containing a copy of Cq, the polynomial P oj M is 
not unconditionally converging, where ju denotes the embedding of M into X. 

(H) For every subspace M C X isomorphic to cq, the polynomial P o j M is not 
compact, where jM denotes the embedding of M into X. 

Proof. (A) (B) and (C) (D) are obvious. 

(A) =>- (C): If (x n ) is equivalent to the co-basis, then the series ^2x n is w.u.C, 
not u.c. So it is enough to apply (A). 

(B) =>- (D): By the same argument. 

(D) (E): Assume T G C(Z,X) is not unconditionally converging. Then 
we can find a sequence (z n ) C Z such that (z n ) and (T(z n )) are equivalent to 
the co-basis. By (D), there is a bounded sequence (a n ) C Co such that the set 

=1 a n(«)^i)} r! , 6N is not relatively compact. Hence, letting M be the closed 
linear span of {z n }, there is a bounded sequence (x n ) C M such that {P o T(x n )} is 
not relatively compact. Therefore, PoToj M is not compact. Since M is isomorphic 
to Co, this implies that PoToj M is not unconditionally converging, and we conclude 
that P o T is not unconditionally converging. 

(E) (F): Take a noncompact operator T G £(c ,X). Then T is not uncondi- 
tionally converging. By (E), P o T is not unconditionally converging. 

(F) =^> (G): Suppose there is a subspace M C X containing Co such that P o j M 
is unconditionally converging. Then, there is a subspace X C M isomorphic to Co 
so that P o j N is unconditionally converging and so compact. However, is not 
compact. 

(G) =>- (H): This is clear, since every unconditionally converging polynomial on 
c is compact. 

(H) =>- (A): Assume there is a w.u.C. series ^x n in X, not u.c, such that the 
set {P (X^i a n(i)xi)} n< - n is relatively weakly compact for every bounded sequence 
(a n ) C Co. Taking blocks, we can assume that (x n ) is equivalent to the co-basis. Let 
M be the closed linear span of {x n }. Then, P o j M takes bounded sequences into 
relatively weakly compact sequences, and so P o j M is compact. □ 

Definition 2.2. We say that P G V( k X, Y) is an Orlicz-Pettis polynomial if it 
satisfies the equivalent assertions of Theorem pTT| . We denote by V uc +( k X, Y) the 
space of all fc-homogeneous Orlicz-Pettis polynomials from X into Y . 
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The choice of the name is due to the relationship with the u.c. series, which were 
studied by Orlicz and Pettis [EL Chapter IV]. 

The classes P uc ( fc X, F) and P uc+ ( fc X, F) may be described by means of a family of 
sets. We say that a subset A C X is a WUC-set if there is an operator T G £(co, X) 
such that A = T (B CQ ). We need a previous lemma. 

Lemma 2.3. Given a polynomial P G V( k X, Y) which is not unconditionally con- 
verging, there is an embedding j : c — > X such that P o j P uc ( fc Co, F). 

Proof. If P ^ P uc ( fc X, F), we can find a w.u.C. series in X such that the 

sequence (P{x\ + • • • + x n )) n is not convergent. Let j : c — > X be given by j(e„) = 
x n . Then the sequence 

(P o j{e x + ■ ■ • + e n )) n = (P(xa + • ■ ■ + z n ))„ 

is not convergent, so P o j ^ Puc^Co, F). □ 

The next Proposition highlights the opposition between the classes V uc ( k X, Y) 
andP uc+ ( fc X,F). 

Proposition 2.4. For a polynomial P G P( fc X, F) ; we /iai>e: 

(a) P G P uc ( fc X, F) and only if P takes WUC-sets into relatively (weakly) 
compact sets; 

(b) P G P UC+ ( A: X, F) z/anrf only if, for every WUC-set A C X, if P(A) is relatively 
(weakly) compact, then so is A. 

Proof, (a) Let P G P uc ( fc X, F) and A = T (BJ. Then P o T G P uc ( fe Co, F), and so 
P(A) = P oT (P co ) is relatively compact. Conversely, suppose P ^ P uc ( fc X, F). By 
the Lemma, there is T G £(c , X) such that P o T ^ P U c( fc Co, F). Therefore, T (P co ) 
is a WUC-set so that P oT (P Co ) is not relatively weakly compact. 

(b) Let P G Puc+CX, F) and choose a WUC-set A C X so that P(A) is relatively 
weakly compact. Take T G C(cq, X) with A = T {B Co ). Then PoT (P Co ) is relatively 
weakly compact, so P o T is compact. Since P G P uc+ ( fc X, F), T is compact and 
A is relatively compact. Conversely, let T G £(c ,X) with PoT compact. Since 
PoT (B co ) is relatively compact, we have that T (P co ) is relatively compact, so T 
is compact. Therefore, P G Puc+^X, F). □ 



The following result gives a polynomial satisfying the assertions of Theorem [O . 
Other examples are shown in Section |3|. 

Proposition 2.5. For every Banach space X , the polynomial '■ X — > ® n X given 
by 

7 fc (x) = x (fc) 

is an Orlicz-P ettis polynomial. 

Proof. Take a subspace M C X isomorphic to Co, and let j : Co — > M be a surjective 
isomorphism. From 

hk°jM°j(e n )\\ = \\jM °j(e n )\\ k 7^0, 



we get that 7^ o j M is not compact. Then apply (H) of Theorem |2.1| . □ 
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3. Counterexamples 



In this Section, we first give some more properties of the polynomial 7^ considered 
in Proposition [2.5| , some of which are used to establish a theorem about polynomials 
on spaces containing cq. All these previous results are applied in the main theorem 
of the Section that provides sufficient conditions for a polynomial to be Orlicz- 
Pettis. A number of counterexamples are given to show that these conditions are 
not necessary. 

Our first theorem gives a property of polynomials on spaces containing a copy of 
c . We need two previous results. 



Lemma 3.1. Given k 6 N, the sequence (effl 
vector basis in cq- 

Proof. By induction on k, we show that 

lloiei + ■ • • + a n e 



in (^^Cq is equivalent to the unit 



ai e[ k) + ■■■ + a n ef 



where ( finite sequence of scalars. 

For k = 1 there is nothing to prove. Suppose the result holds for k — 1, and let 
r n (t) = sign sin 2 n 7rt for t e [0, 1]. Then, assuming max |a$| = 1, we have 

aie[ k) + ■■■ + a n e$ = 



(t)e[ k 1} + • • • + a n r n (t)e^- 1) l ® [a^t)^ + ■■■ + a n r n (t)e n ] dt 



E 



i=i 



a 1 e l {i)ef- l) + --- + a n e n {i)e^t 1) 



aiei(z)ei H h a n eJi)e r , 



where ej(i) is the value of rj(t) on the interval 

i — \ i 

2 n ' 2™ 

By the induction hypothesis, we get 



for 1< i < T 



axe? ] + ■■■ + a n e {k) 



< 1. 



On the other hand, there is iq G {1, . . . , k} so that 



aiei H h a n e r 



H I 



Considering ej as a vector of £\, take 



Clearly, 
so the result follows. 



and 



,(*) 



a\e\ ' + •■• + a n e 



(k) 



□ 
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Proposition 3.2. There is a w.u.C. series Y^Ui ^ n c o> n °t u.c, such that Ylilk(yi 

«~ k 

is u.c. in <g) n Co for each k > 2. 

Proof. For simplicity, consider the case k — 2. Take the vectors 



Vi 



— for nGN 



n(n — 1) n(n + 1} 
— < i < — 



n 



Clearly, the series Y^Vi is w -u.C. Since 

m(m+l)/2 



1 for m > n, 



i=l+n(n+l)/2 

the series is not u.c. Moreover, for every finite sequence 

n(n + r 



< i-i < 



< ii, 



we have, from Lemma 3.1 



1 

< - . 

n 



Therefore, YlVi^Vi is u - c - * n c q®k c o- 1=1 

Theorem 3.3. Given Banach spaces X and Y , with X containing a copy of Cq, an 
integer k > 1 and a polynomial P G V( k X,Y), we can find a w.u.C. series 
X, not u.c, such that Y^P{ x i) is u.c. in Y. 

Proof. Let j : Cq — > X be an embedding. Consider the commutative diagram 



X 



Co 



:x 



-k 



Let y,i be the series constructed in the proof of Proposition [3.2| . Then, the series 
YjjiVi) is w.u.C, not u.c, in X, and the series Yjilk°j{Vi) = J2i °lk{yi) is 

u.c. Let P : ®^X — > Y be the operator defined by P(ari £g> ■ ■ - (SXk) '■= P{%i, ■ ■ ■ , 
where P G C( k X, Y) is the symmetric fc-linear mapping associated to P. Then the 
series £\ P o = ^ ° 7fc ° is u - c - in ^- D 

The next theorem shows that the polynomial 7^ : X — ► ®„.X takes sequences 
equivalent to the co-basis into sequences equivalent to the co-basis. Again, we need 
two preparatory results. 

k 

Lemma 3.4. The polynomial 7^ : Co — > ®^Cq takes sequences equivalent to the c$- 
basis into sequences equivalent to the c^-basis. 
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Proof. Letting j : cq — > Cq be an isomorphism, consider the commutative diagram 



Co 



c 



7/s 



K C 



Since (7fc(e n )) n is equivalent to the co-basis (Lemma |3.1| ), it is enough to show 
that ® k j is an injective isomorphism. Since j{cq) is complemented in cq, there is an 
operator S : c — > c such that S o j = I co . Then, (<g) k S) o (® fc j) is the identity map 

^k 

on ®^Cq. Hence, ® j is an injective isomorphism. □ 
Proposition 3.5. Let j : cq — > X be an injective isomorphism. Then the operator 



3 (k) ■ ®lc 



:x 



is an injective isomorphism. 



> x k , and A E 



-k 

K c 



£( fc c ), with 



Proof. Take z G ® n Co with z = Y^iLi x \ ® ' ' ' ® x ii 

\\A\\ = 1 and (A,z) = \\z\\. There is an extension A e C^i^) of A with 
[ p^| . Consider the second adjoint j** : — > X** of j. By the injectivity of ioo, 
the operator (j**) -1 : j**{£oo) —> ^oo has an extension to an operator it : X** — > 
clearly, tt o j** = I ioo . Let 5 := A o (tt o J x ) k e C{ k X), where J x : X -> X** is the 
canonical embedding. Then, ||5|| < ||A|| ■ ||7r|| fc and 



5 o j fc = i o (tt o J x o j) k = A o (tt o j** o J Ci 



Ao J* 



.4. 



Therefore, 



IMI* •PII-llj (fc) WII 



oo 



i=l 
oo 



1=1 



\(Az)\ 



□ 



tafces sequences equivalent to the 



and this finishes the proof. 

Theorem 3.6. The polynomial 7^ : X — > 
co-basis into sequences equivalent to the c^-basis. 

Proof. If X contains no copy of cq, the result is trivially true. If X = Co, see 
Lemma |3.4| . If X contains a copy of Co, the last Proposition reduces the problem to 
the case X = c . □ 



The following result gives an example of a polynomial on cq which will be useful. 
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Proposition 3.7. There is a polynomial P G P( 2 Co, Cq) such that P(e n ) = for all 
n, but P is not compact on any infinite dimensional subspace. 

Proof. Consider a bijection 

(a, (3) : N — > {(n, m) 6 N x N : n / m}. 

Define 

P(x) := (x(a(i))x(P(i))) c ^ l for x = (x(i)) G c . 
Then P(e n ) = for all n. If M C Co is an infinite dimensional subspace, we can find 
a norm one sequence (x n ) C c disjointly supported such that dist(x n ,M) < 2~ n . 
For each neN, let fc n 6N satisfy |x n (/c n )| = 1. Then 

\\P(x 2n + X 2n +l)\\ > \x2n(hn)x 2 n+l(k 2 n+l)\ = 1, 

which implies that P is not compact on M. □ 

We can now state the main result of the Section. 

Theorem 3.8. Let P G P( fc X, Y) be a polynomial, with k > 2. Consider the fol- 
lowing assertions: 

(A) If^2x n is w.u.C. in X, and ^P(x n ) is u.c. in Y , then Yl x n is u.c. 

(B) Every sequence (x n ) C X equivalent to the c^-basis has a subsequence (x ni ) 
such that (P (x ni )) is equivalent to the co-basis. 

(C) IfJ2 x n is w.u.C. in X, and (P Q27=i Xi )) n ^ s convergent, then J2x n is u.c. 

(D) If the sequence (x n ) C X is equivalent to the c -basis, then (P (Y17=i Xi )) n ^ s 
not relatively compact. 

(E) If the sequence (x n ) C X is equivalent to the c^-basis, then lim ||P(x n )|| -/->■ 0. 

(F) P is an Orlicz-P ettis polynomial. 

Then the following and only the following implications hold: 

(A) =► (B) (E) 

(C) (D) =► (F) 



Proof. (A) => (B) and (A) =^ (C): If P satisfies (A), then Theorem [T3] implies that 
X contains no copy of cq. So (B) and (C) are satisfied in a trivial way. 
(B) (E) is obvious. 

(E) =^ (B): Let (x n ) C X be equivalent to the c -basis. Then J2 x n is w.u.C, so 
Y^P{. x n) is also w.u.C. |7|]. In particular, (P(x n )) is weakly null. By (E), passing 
to a subsequence, we can assume that (P(x n )) is seminormalized and basic, so it is 
equivalent to the c -basis 0, Corollary V.7]. 

(B) (A): Consider the polynomial 7^ : Co — > n co (see Proposition [372] and 
Lemma |3.4j ) . 

(D) (A): Consider the polynomial defined in Proposition (3T7[ 

(C) =>- (D): Assume P does not satisfy (D). Then there is a sequence (x n ) C X 
equivalent to the c -basis, such that (P (Yli=i x i)) n * s relatively compact. We can 
find an increasing sequence of indices (to*) so that (P vd) is convergent, 
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where 

m i+1 

(!) Vi= Yl x i- 

j=m,i+l 

Since (iji) is equivalent to the c -basis, P does not satisfy (C). 

(D) =>- (C): Assume P does not satisfy (C). Then there is a w.u.C. series ^x n 
in A, not u.c., so that (P (Y17=i x i)) n * s convergent. Take an increasing sequence 
of indices (m^) so that (y,i) is equivalent to the co-basis, where yi is defined as in 
([[]). Then (P (X^Li 2/«)) n * s a subsequence of (P (X)ILi x «)) n an< ^ so ^ converges, in 
contradiction with (D). 

(E) =>- (F): Assume T G A) is not unconditionally converging. Then we can 
find a sequence (z n ) C Z such that (z n ) and (T(z n )) are equivalent to the c -basis. 
If P satisfies (E), we have ||P o T(z n ) || y4 0, which implies that P o T £ P uc ( fc Z, F). 
So, by Theorem QE), P G P uc+ ( fc A,F). 

(F) 7^ (E): The polynomial P of Proposition does not satisfy (E). To see that 
it does satisfy (F), take an operator T G C(Z, Co) not unconditionally converging. 
There is an operator j : Co — >■ Z such that (T o j(e n )) is equivalent to (e n ). Passing 
to a perturbed subsequence, we can assume that (To j(e n )) is disjointly supported. 
The series J2 n (i( e 2n) + j(e2n+i)) 

is w.u.C. However, ||P o T (j(e2«) ~\~ j(&2n+i)) \\ 
is bounded away from 0, so P o T is not unconditionally converging. By Theo- 
rem[H](E),PGP uc+ (^,Co). 

(D) (F): Assume T G A) is not unconditionally converging. Then we can 
find a sequence (z n ) C Z such that (z n ) and (T(z n )) are equivalent to the c -basis. 
If P satisfies (D), the sequence (P o T (X]T=i * s no ^ relatively compact. Hence, 
P o T £ P uc ( fe A, F). By Theorem 0(E), P G P uc+ ( fc A, Y). 

(D) (E): Let P be the polynomial defined in Proposition [O, and (x n ) C Co a 



sequence equivalent to the co-basis. Denote y n := xi + ■ • • + x n , and z := X)n^=i x ™ e 
4oW Let 

35 := limsupz(i) > 0. 

i 

If the limsup were not positive, then we would take the liminf. Choose i\ G N with 
\z{i\) — 3<5 1 < 5. There is rii G N so that \y n {ii) — 35\ < 5 for all n > n\. Choose 
now %2 G N («2 > «i) so that < 5/2 for all i > i 2 and ^(^2) — 3*5 1 < 5. There 

is n 2 G N {n 2 > n\) so that \y n (i2) — 35\ < 5 for all n > n 2 . 

Proceeding in this way, we obtain two increasing sequences of integers (ij), (rij) 
so that, for j < I, 

\\P (y nj ) - P (y ni )\\ > \y nj (ii)y nj (ii) - yni(ii)ym(U)\ 



> 



\y ni \.H)\ ■ \VnMi) \ - \y»AH) \ ■ \y nj w 



> 25 2 . 

Therefore, P satisfies (D). Clearly, P does not satisfy (E). 
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(E) ^ (D): Let P G V( 2 c , c ) be given by 

oo j — l 

p i x ) = ( x (fi ~ x (ty x (ti e J 2 +* for x = ( x wx=i e c o- 

j=2 i=l 

Clearly, P satisfies (E). Since P(ei + - • - + e n ) = for all n, P does not satisfy (D). □ 

Remark 3.9. In the linear case (k = 1), all the assertions of Theorem |3l^ are 
equivalent ||. So, our choice for the definition of the Orlicz-Pettis polynomials 
provides the widest possible class. 
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